FUNDAMENTAL APPLIED MATHEMATICS

Chapter 4 Exercise 4A

Q1. ()

(i)

(iii)

Vga = 300 — 25i
= 57 m/s
1,000
5
— 2
Vy = 4
vy =7i

—

= 200s

Relative distance =

relative speed X time = 3 X 60
=180 m

relative distance

Time = 2
relative speed
_ 600
3
= 200s
v_g =101 m/s
v, = —15i m/s
" Vg =100 — (=15i) = 251 m/s
500 _
75 = 20's
— 2
Vg = 1.2i m/s
— 3
v, = —1.3i m/s
=D _ = —
Vep = Ve ~ V)
2 2
= 1.2i —(—=1.3i)

= 1.21 + 1.31 = 2.5i m/s

relative distance

Y Time —
LN relative speed
_ 250
2.5
=100s
Lo — —
Q.5. () Vog =Vp T Vg

(i)

(iii)

Q6. () Vv, =

= (51 + 2)) — 21 — 2)
= 3i + 4 km/h

Vool = V32 + 42
= 5 km/h
20
s = 4 hours
2 2 > 2
(4i = 3j) — (6i —))
= —2i — 2]' m/s
Vg | =VE+4 =V8 m/s
Direction = SW

= — 2 2 2
Vga =Vg — V4 =7i —4i =3im/s

Q.8.

i) Vg =8 -6 —)
=27+j?m/s
Vea| =V4+T1 =V5m/s
tan 6= 1 = 6 = 26° 34
Direction: E 26° 34'N
For = (=31 + 6))— (41 +2)) = —7i + 4]
For = (=41 +2)) — (4 +2)) = -8
7| = VAT ¥ 16 = V&S
il = V6T = 8
Since |@| > |G|,B is farther

—

() Top = (—4i +)) = ( = 2))
= —5i + 3]

(i) Letr, = ai + bj

(@+3)i +(b-5)j=—-5 +3f
a+3=-5 and b—-5=3

a=—-8 and b=38
L= =8 + 8
Ve, =g — v, =10 + 6] — 30
=10 — 24]
IVer | = V100 + 576 = 26 m/s
tan 6= 22— 24— 0= 67°23

Direction: E 67° 23'S

Vo = (—4 + 2)) — (61 + 2)) = 10i m/s
100

Tlme=ﬁ=105

(i) v, = 4i + 3

Vo= —i+3
Vor =V, =V, = —i + 3 —(4i +3))

= -5 km/h
(ii) The position of B relative to A is
Fpr = 40i km

— 1T —

= Vgy = ~glsa)

. —> = .
Since v, = —k(rz,) where k is a
positive constant, they must be on a
collision course.
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(iii) The time of the collision is given by
__relative distance
~ relative speed
_ 40
-5
= 8 hours later

— 2 2
(i) vy =12i + 4

V=4
Voa = Vg ~ VA =4 — (121 +4)

=12
(i) The positjon of B relative to A is
Tpn = 60i km

— _ 1
= Vpa = S(rBA)
Since V—BA> = —k(@) where k is a

positive constant, they must be on a
collision course.

(iii) The time of the collision is given by

_ relative distance
relative speed
60

=17 = 5 hours later

@ Ve2+9=5=t=4

m
60
Vo= =2 +3
v, =t +3

3 B
But |ti +3j| =5
t = 4, as before

SV =4+ 3]

(i) V2 = (=20 +3)) — @4i +3))
— —6i
Time = Distance
Speed
_ 60 _
=5 = 10 hours

M —
Y s \;
p 3.4 km Q

vp = 51 + 57 m/s
vy — 2 2
(i) Vg = Ki + 5j
> >
But [Ki + 5/ =13

Q. 15.

(iii)

= K = —12 (it must be negative so
that Q approaches P)
¥ i

Vg = —12i + 5
> > > >

Vop = (=120 + 5)) = (51 + 5))

=—17j
|v_QP)| =17 km/h
3,400
Time = 7= 200 s

v, =12 + 6

For collision to occur, j’-velocities

must match. Therefore, the minimum
velocity at which H must travel in order
for a collision to occur is 6j m/s i.e. a
minimum speed of 6 m/s due north.

> >
Letv, =ai + 6/ m/s, a€ER

VaZ + 62 = 10 ... we are told that the
speed of H is 10 m/s

=32+ 36 =100

=a’=64=a= =8

ol elree —>
= Two possibilities for v, are

v, =8 + 6 and v, = 8 + 6

tan9=tana=6

=0=qo=36.87°
= Possible directions for H are 36.87° N
of W and 36.87° N of E.

Usingﬁ = —8i + 6]' gives
%)=W<)—ﬁ=207m/s
relative distance
relative speed
~ 3,000
20
=150s

Time of Interception =

— % ¥ g
Usingv,, = 8i + 6] gives
Ve =y~ = 4l ms
relative distance

relative speed
3,000
T
=750s

Time of Interception =
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(i) v, = 10] km/h

vx=a7+10j,aER,

where Va2 + 102 = 20
=a% + 100 = 400
=a =300 = 10V3

=V, = 10V3i + 10}

g 10 _ 1
10V3 V3
1 1
=6 =tan" —= = 30°
V3
= Captain must steer in a direction
30° N of E.

v
(i) Vs = o —

= 10V3i + 10] — 10} = 10V31

Time to interception =

__40
10V3
= 2.309 hours

= 2 hours 19 mins

o = _ = —
(i) s = iy = [y

=371 + 25/ — (2 — 3))
= 35 + 28

—_— = —

Vea = Vg T Va
—2i =3/ — (3 +))

2 2
= =51 — 4
— 1.
= Vgy = ~7{pa)
. —_— — .
Since vy, = —kirgz,) where kis

a positive constant, they must
be on a collision course.

relative distance
relative speed

V352 4+ 282

(=5)2 + (—4)?
_7V4T
V4T

= Collision occurs at 17.00 hours.

(i) Time to collision =

= 7 hours

relative distance
relative speed

Q. 18.

(i) ) = —8i +4
Fo =241 — 12]

— - -
Fgpa = 1Ig = Iy

= 247 — 12] — (—8i + 4))

=321 — 16]
Vi =3i+]
vi=i+2
Ver = Vg —Va=i+2 =G +]))
=2 +]
Vor = —x(ion)
BA g\ BA
Since V—BA> = —k(@) where k is a

positive constant, they must be on a
collision course.

relative distance
relative speed

V322 + (—16)?

(i) Time to collision =

(—2)2 + 12
= % = 16 hours

= Collision will occur at 16.00 hours.

() ry =100 — 4f
=371 +k

— = = B 2
ry =y — Iy =271 + (k + 4)f
> B
vy =31 +
— >
vy = —j
Viy =Vy —Vy = =31 — 2
27 _k+4 collision course = v, is
_3 _2 e Y)(

a scalar multiple of@
=3k + 12 = 54
= 3k = 42
=k =14

(i) Fyy = 271 + 18]

— ? ?

Viy = =3I =2

relative distance
relative speed

V272 + 182
(—=3)% + (—2)?
_ 913
V13

= 9 hours

Time to collision =

Collision occurs at 10.00 hours.
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o = ? 2 8
Q. 20. (i) e = —311 +{ (iii) tan9=ﬁ
rq =4 —13 i () =
T =~ T =151 — 14] v
gP %Q P d=119sin 6
V=3 8
R =119(—)=56 units
Vg =% 17
V_)QPZV—Q>—VP——3;+XI' Q.3
15 —1 iy
3= % ...collision course
= Vap lsasc_a)ar
multiple of r,
= 15x = 42
—x=14
5
(i) rop =151 — 14 5,000 m

— ¥ 14>
Vop = —3I +?]

Time to collision — relative distance (i) v_F) = 27 + 5;
relative speed N > >
vp = —4 = 3j

_ {152 + (=147 T

Ver = Vi — V.
(=32 + (L) S
= 5 hours =2 +5 +4 + 3
K >
=> Collision occurs at 17.00 hours. =6/ + §
_ (i) tan o =2
Exercise 4B i
"3
Q. 1. 20 —sing=2
Ks 9 T 5 .
\\v TTk But, sin 6 = 5,000
__d _4
— 22 8 _ of 5000 5
Vg = (0 +2)) —(=2i =2
KT (_) ]_)) ( /) =d = 4000 m ... shortest distance
=3i + 4 m/s between P and Q in
4 subsequent motion.
tan 6 = 3
Q. 4.
=sin 6 = e L Nt Ay Q
5
d =20sin 6
—20l2| =
= 20| = 16m
Q.2 () vpg = (=8 +12) — (7] + 4))
= —15i + §
(ii) S .
d/ Ypr (i) v, =10 cos 30°% — 10 sin 30
Q- 0 ~p , ,
ol - 1o

=5V3i -5
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Vo = —20 cos 45% + 20 sin 457

Yo
= —20(i)7 + 20(i]
V2 V2
= —10V2i + 10V2]
VTQ = VT - VQ

= (53 +10v2)i — (5 + 10V2)]

= 22.81 — 19.14] km/h

(ii) ]%’\ =22.82 + 19.142

= 29.77 m/s
_19.14
tan 6 = 578
_ 1 19.14)
= @ = tan (—22.8
= 40°
= 40°Sof E
T o_ d_
(iii) sin 40° = 700

= d = 100 sin 40°

= d = 64.3 km

=24

— =
Ve = Vx — Wy

=7 - 247 m/s

(i) tan 6 = %

. 24
=>sin @ = ﬁ
d
100
d _ 24

~ 700~ 25
=d=96m

But, sin 68 =

>

i) vo=—i+j

— ¥ i
Vg =31 =2
= _ == -
Vap =Vq — Vp

—4i - 3
(i) [V | = V42 + 32
=5 km/h

_3
tan9—4

13
=] 1 —
= 0 = tan 2

= 36.87°
= 36°52' Sof E

_3
(iii) tant9—4
g3
=S|n0—5

g _d

But, sin 68 = 350
-.d _3
350 5

=d =210 km

(iv) Insert circle with centre P and radius
290 km. As long as the relative
path, v_Q,;, is within this circle, P and Q

will be able to exchange signals.

From the diagram, they will be within
range for a relative distance of 2x.

x2 4+ d?=290%2 ...butd =210

=x = V290% — 2102
= 200 km
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= P and Q are within range for a relative
distance of 400 km.

Time — relative distance
ime = ————————
relative speed

_ 400
5

= 80 hours

() v,=2i—j

— = —
Vag =Va — VB

=4 — 3; m/s
(il tanez%
=>sin9=%
g d
But, sin 8 = 300
~.d _3
300 5
= 5d = 900
=d=180m

(i) Draw a circle of radius 225 metres
with centre at B.

A and B will be able to exchange
signals as long as the relative path,
V_AB), is inside this circle. This will be
for a relative distance of 2x.

x2 4+ d?=2252 ... butd= 180
=x = V2252 — 1802 = 135

= A and B will be able to exchange
signals for a relative distance of

270 m.
Time — relative distance
ime = ———————
relative speed
_ 270
V42 4 (=3)?
=545

Q. 8.

Q.9.

= 500 =5 =d =160 m

(i) Draw a circle with radius 164 m
with centre H. As long as the relative
path, G/ is inside this circle, the cars
will be no more than 164 m apart.
This will be for a distance of 2x.

X2 +d*>=164> ...butd =160
=x =V1642 — 1602 = 36

= Less than or equal to 164 m apart
for a relative distance of 72 m.
_ relative distance

relative speed
72

V62 + (—8)2

=7.2s

Time

A

(i) Z\) = 16 cos 45% + 16 sin 45°7
= 16(l)f + 16(1—);
V2 V2

= 8V2i +8V2)



FUNDAMENTAL APPLIED MATHEMATICS

v, = 20 cos 45° — 20 sin 457

- sl -

J
= 10vV2i — 10V2]
— = -
Vap = Va VB

= —2V2i +18V2] km/h

. W2 1
tanf=——==+
b 18V2 9
. 1
=sin 0 = —
V82
But, sin 68 = %
_d__1
10 /82
10
=d=—==1.104km = 1,104 m
V82
(iii) Draw a circle of radius 2 km with its
centre at B.

As long as the relative path, %, is

within this circle, the ships will be in
visual contact.

This will be for a relative distance of 2x.
X2+ d? =22 10

... butd = —
_ [, 100
=X=\4- %

V82
= 1.6675 km = 1667.5 m

= Ships will be in visual contact
for a relative distance of
2(1.6675) = 3.335 km

relative distance
relative speed

3.335

Time =

V(=2V2)? + (18V2)?
=0.13h=7min49s

A 200 km B
i) v, = 10]
V, = 20 cos 45°% + 20 sin 457
1) 1)
= 20| + 20/-=
Al o)

= 10V2i + 10V2]

Q. 11.

(ii)

(iii)

2 hours before

(i)

— = =
Vap =Va — VB

= 10v2i + (10v2 — 10);]
= 1414 + 4.14]

1002 -1) V2 —1
tan 8 = =
10V2 V2
=0 = 16.325°
=sin 8 = 0.281
ng—_d_
But, sin 8 = 200
d _
:m = 0.281
=d = 56.2 km

One hour later:

relative distance = relative speed X time

= x =V(10vV2)2 + (10v2 — 102 X (1)
= 14.736 km

y? =x2+d* ... from diagram

=y =V14.736% + 56.22

=y = 58.1 km

=y

= ¥ " 3

vg = 20 cos 30°% — 20 sin 30%
_ \/?)? (1)?
_20(7/ — 205

—10V3i — 10}

— - =
Yor =% — %

—10V3i — 2

Ver| = VAIOV32 + (—2)2
= 4V19 = 17.44 km/h

2
tan 0 = ——
10V3
_ 1
5V3
=0 =6.59°

= 6.59°S of E
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(i) tan @ =

(Sa ]
—
(O8)

=sin @ =

ﬁ;
3

But, sin 6 = 7

o

0
d

1
100 V76
100
6

=d=—
7

= 11.47 km
(iii) Two hours before:

relative distance = relative speed X time
=x=17.44 X 2

= 34.88 km

y2=x2 + d?

=y =134.882 + 11.472
= 36.72 km

() v, = 10 cos 30% + 10 sin 307

_ ﬁ)? 1)?
—10(7I+10§j

=5V3i + 5
V=3

—

— ¥ ¥
Vg = Ve — Vs =5V3i + 2

(i) |Vag| = V(5V3)2 + 22 = V79 m/s
2

5V3

=60=13°

tan 6 =

= 13°Nof E

(iii) 700 =sin 13

=d = 100 sin 13°

=225m

Q. 13.

(iv) Draw a circle of radius 30 m with
centre B.

As long as the relative path, v, is

inside this circle, Adam and Barbara
will be within 30 m of each other. This
will be for a relative distance of 2x.

x2+d? =302 ...butd=225
=x = V302 — 22.52
=19.843 m

= Adam and Barbara will be within
30 m of each other for a relative
distance of 2(19.843) = 39.686 m

relative distance
relative speed

Time =

(i) ﬁ = 50 cos 45°7 — 50 sin 450]

— ol L) _ 5[ )7
= 50{ 75 - so[ 5]
= 25V2i — 25V2]

—>

K
Vg = =30

VQP = VQ - VP
—25V2i + (25V2 — 30)]
~35.361 + 5.36]

Ve | = V(=35.36) + (5.36)?

= 35.76 m/s
_ 5.36
En=25s
= 0 = 8.62°

= 8.62° N of W

oood o
(i) 75 = sin 8.62

=d = 75 sin 8.62°
=d=11.24 km
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(iii) Draw a circle of radius 40 km with
centre at P.

Ships will be within range of each
other while the relative path, v—Q,;, is

inside this circle.
This will be for a relative distance of 2x.

x2 4+ d? =402 ...butd=11.24
= x = V402 — 11.242 = 38.39 km

=> Ships will be within range of each
other for a relative distance of
2(38.39) = 76.78 km.

relative distance

relative speed

_ 76.78

" 35.76

= 2.15 hours

= 2 hours 9 mins

Time =

From the diagram,
x+y)> +d*> =752 ... butd = 11.24

=x+y=V752 - 11.24?

=74.15 ...butx = 38.39
=y = 7415 — 38.39
= 35.76

Time before coming into range:

relative distance _ 35.76

relative speed 35.76 our

=> Ships will come into range at
13.00 hours.

Ships stay within range for 2 hours
and 9 minutes.

=> Ships will lose sight of each other at
15.09 hours.

Exercise 4C

distance _ 60 _

=2 =5
speed 12 °

(i) Time =

Q. 1.

(ii) Distance travelled by
Q = speed X time =5 X 5 =25 m

= DistancefromO = 51 — 25 = 26 m

(i) v, =12

Vo =5
— - —
VQP_VQ VP
=5 — 12

g d
But, sin 8 = 26
~d_12
26 13
=d=24m
i Tre = LE0CE _ 20 _ ;)
speed 8

(ii) Distance travelled by
M = speed X time = 6 X 2.5 = 15 m

= Distance from O =65—15 = 50 m

(i) v, = 6i

tanezgzg
:sin&z%
But,sin@:;iO

=d=40m




iy

Q. 3.

Q. 4.

(i) x* 4+ d? = 1452

(i) Time =
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o =D 5
(i) Vi =21

Vg = —20)
= = =

Vap = Va — VB
? 2
= 21i + 20j m/s

Wait until B reaches the intersection.

Time = distance _ 100 _ s
speed 20

Find how far A has travelled in this

time.

Distance = speed X time
=21 X5=105m
= Distance from O = 250 — 105
=145m

ing=-_d
But, sin 68 = 145

d _ 20

145~ 29
=d=100m

... butd = 100
= x = V1452 — 100% = 105

relative distance
relative speed

105
V212 4+ 202

=3.625

Time =

distance
speed
_ 100
5
=20s

(ii) Distance travelled by

B = speed X time = 8 X 20 = 160 m
= DistancefromO =200 —160=40 m

= Distance between A and B = 40 m

(iii) v:) = —5cos 6 — 5sin 6;

25 - 43

> >
= —4i — 3

= -5

v, = —8i
Vap =Va — VB
= 4i - 3
= |V, | = V42 + (—3)?
=5m/s

_3
tant9—4

=6 = 36.87°
= 36.87°Sof E

; _3
(iv) tan @ = 2

=sin 0 =

Urlw

But, sin 6 =
d_3

d
4

o

405
=d=24m

(v) x2+d?>=40> ...butd=24
= x =V40%2 — 242 =32 m

Time — relative distance
relative speed

_32 _
=5 =645

But, A and B had already been

travelling for 20 seconds.
= Time = 26 s

(vi) A: Distance from intersection
=100 — 5t

B: Distance from intersection
= 200 — 8t

= Equidistant from O when
100 — 5t = 200 — 8t

= 3t = 100



Q.5.
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—>

v, = —16 cos o — 16sin97
_ 37 (&)?:_ T 4
1?(5)1 165] 9.6/ — 12.8
v_B>=—vi

—

Ve =V, =V, = (v —9.6)i —12.8
Vs | =16

2 2
fo~ BT -

5
, 96 . 2,304 4,096
5775 25

= 25v2 — 480v + 6,400 = 6,400

=
=V

= 256

= 25v2 — 480v = 0
=5v2 — 96v =0

=v(5v —96) =0
96
=y =—

5
=19.2 m/s

(i) Find out how long it takes for A to get
to the junction.
distance _ 96 _

=2_5
speed 16 °

Time =
Find out how far B has travelled at this
time.
Distance = speed X time

=19.2 X6 =1152m

Since B was 38.4 m from O at the
beginning, B is now 76.8 m past O.

Ve = 9.61 — 12.8]

tan g = 128 _ 4

96 3
_d
6.8

sina =

(21

But, sin @ =

- B
76.8

=d=61.44m

SIFNEN

Q.7.

(i) 2 seconds before:

Relative distance = x
= relative speed X time

=16 X2=32m
Actual distance =y

y? = 322 + 61.442

=y =69m
a=—10C0591?—105in0j

PN AL ;)?z_?_?
= —10[2)i - 10[2]f = -8 - 6]
v, = —20i
=7 =12 - 6

Find out how long it takes for A to get to the
junction.
distance _ 100 _

distance _ =10
speed 10 >

Find out how far B has travelled at this time.

Time =

Distance = speed x time = 20 x 10

=200 m

Since B was 100 m from O at the
beginning, B is now 100 m past O.

—

v, = —30 cos 60% — 30 sin 60°j

st 54 -
— 2
vg = —40i

Vap = Va — V3
251 — 15V3]

151 — 15V3]

11
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Time for A to get to junction = distance
speed

_35
30
A
60 h
Distance travelled by B = speed X time

_ 7 _14
—4O><6O— 3 km

= When A is at the junction, B is % km
past the junction.

_15V3
tan 6 = 5
_3V3
-5
=sin @ = ﬂ
2V13
. d _3d
BUt,SIn@—E—?
3
3d _ 3V3
8  2V13
4 = 439
13
=1.92 km
(@) v, = —16cos 60% — 16 sin 60°
_ el ﬁ)?
- 1? 2/ 26( 2/
= -8/ —8V3j
v, = 20i
Vap = Va — VB
= —28 — 8V3]
(b) (i) Find out how long it takes for A to
reach O:
Time — distance
ime =
speed
_ 450
16
= 28.125s

Find out how far B has travelled in this
time:

Distance = speed X time
=20 X 28.125 = 562.5 m

= Bis now 762.5 m from O.

tanezﬂzﬁ
28 7
=>c050=L

V61

X
762.5
X 7

7625 Vel
=X =683.4m

Time — relative distance
relative speed
_ 683.4

V(—28) + (—8V3)?
= 21.875s

But, cos 6 =

= Closest together 21.875 seconds
before they were side by side.

28.125 — 21.875 = 6.25 s
(i) Distance of A from O = 450 — 16t
Distance of B from O = 200 + 20t

Equidistant from O when
450 — 16t = 200 + 20t

= 36t = 250
=1t=6945s

Exercise 4D

> >

Q1. ()v,=i+2

distance across
speed across

~ 40
2

=20s

Time across =



Q.2

Q.3.

Q. 4.
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(ii) Distance downstream:
speed downstream X time

=1 X 20
=20m

Vo =5 +12f
distance across
speed across
_ 60
12
=55

Time across =

Distance downstream:
speed downstream X time

=5X5
=25m

(i) Puts all effort into going across:
—> P ¥
=v, =3I + 5
distance across
speed across

_ 60
5
=12s

Time across =

(i) Heads upstream at an angle A to the
bank at full speed, 5 m/s.

x2 + 32 =52

=x=4

= Boat travels at 4 m/s straight across.

distance across
speed across
_ 60
4
=155

Time across =

(i) Puts all effort into going across:

—V, = 0.5 +1.3f
distance across
speed across
_39
1.3
=30s

Time across =

(i)

(i)

Heads upstream at an angle A to the
bank at full speed, 1.3 m/s.

i}
| X

x2 + 0.52 = 1.32
=x=1.2

= Boat travels at 1.2 m/s straight across.

distance across
speed across
-39
1.2
=325s

Time across =

Puts all effort into going across:
> >
=V, =0.7i + 2.5
distance across

speed across

_ 60
2.5
=245

Time across =

Heads upstream at an angle A to the
bank at full speed, 2.5 m/s.

x2+0.72 =252
=x=24

= Boat travels at 2.4 m/s straight across.

distance across
speed across
_ 60
2.4
=255

Time across =

Puts all effort into going across:
— ¥ ¥
=v, =08 +1.7]
distance across
speed across

_510
1.7
= 300 s

Time across =

13
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Heads upstream at an angle A to the
bank at full speed, 2.5 m/s.

X2 +0.82=1.72
=x=15
= Boat travels at 1.5 m/s straight across.

distance across
speed across
_ 510
1.5
=340s

Time across =

Puts all effort into going across:
> >
=V, =2.1i + 2.9
distance across

speed across

_ 58
2.9

=20s

Time across =

Distance downstream:
speed downstream X time

=2.1%20
=42 m

Heads upstream at an angle A to the
bank at full speed, 2.9 m/s.

X

i}

X2 +212=292
=x =2
= Boat travels at 2 m/s straight across.

distance across
speed across
_58
2
=295

Time across =

Q. 8.

Quickest route: Puts all effort into going
across:

=V, = 03] + 0.5
distance across
speed across
50
0.5
=100s

Time across =

Shortest route: Heads upstream at
an angle A to the bank at full speed,
0.5 m/s.

x2 + 0.32 = 0.52
=x=04

= Boat travels at 0.4 m/s straight across.

distance across
speed across
1
0.4
=125s

Time across =

= Crossing times differ by 25 seconds.

(i) He should head straight across.
(i) vy =21 +2j
distance across

Time across =
speed across

(€51
©|m|o

— 02
= 50[2]
=90s

(iii) Distance downstream:
speed downstream X time
5
=X
6 90
=75m



Q. 10.

Q. 11.

Q. 12.

FUNDAMENTAL APPLIED MATHEMATICS

Vo = 1000

—V, = 100i — 10}

Speed = |v, |
= V1007 + (=10
= 10v101
= 100.5 m/s

_ 10
tan 6 = 700
-1
10
=0 =571°
= 5°43'
= 5%43"Sof E
Upstream:
Ve =V t Vg
= 5+ (30)
= -2
. _80
Time = >
=40s
Downstream:

— 2 ?
VC=5I+3I

= 8i
ime = 80
Time = 8
=10s
Total time = 40 + 10 = 50's
Lake: Total time = 39 + 80
5 5
=325

which is 18 seconds less

Still water: Time = distance
speed
_ 960 _
=75 ~ 120 s
Current: AtoB: Time =

distance
speed
_ 480
10
=48 s

Q. 13.

Q. 14.

Q. 15.

distance
speed
_ 480
6
=80s

Current: BtoA: Time =

Total time = 48 + 80
=128s

= [t takes 8 seconds longer when there is
a current of 2 m/s from A to B.

(i) v, =12i
Ver = 5

—>_—>+—>
Vg = Ver T VR

> >
=12i + 5] m/s
Magnitude: |v, | = V122 + 52
=13 m/s

distance
speed
_ 240
5
=48s

(i) Time =

Distance downstream:
speed downstream X time

=12 X 48
=576 m
V=TTt &
=17 m/s
(i) vp = 7i
@; = —25cosai + 25 sin af

— ¥ . i
s Vg = (7 = 25 cos @)i + 25sin aj

7 —25cosa =0

A
=>COSQ'—25 v_) K ]v_>
24 BR B

$SIHGZ£

Since cos a = Z
25

=0.28
a = 73°%44'
24

(i) vy = OF + 2532

= 24f

120
24

=5s

Time =

15
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Q. 16. v, =60 Q.17. cos6=-
= Plane must head at an angle A as 1
shown in order to counteract the wind. S 2
=0 = 60°
— B
Q.18. v = —j
v_; = 2 cos 45% — 2 sin 45°j

x? + 607 = 1002 = 14141 — 1.414]

=x =80 v, =V, — v, =1.414i — 0.414j
= Plane actually flies at 80 m/s due East. v, = V14147 + (—0.414)?
Time — distance =1.47 m/s

speed

_ @ — _ 2

=50 Q.19. v, = —100i % 9

=2.3625 h Vyy = —20 cos 30i + 20 sin 30j

=2h21m45s = —17.321 + 10]
The time taken for the return journey is Vaw =Va — Vi
the same because the wmq is blowing — _100] — (17.32] + 10/?)
directly from the south. This means N N
thatéthe wind will have no effect on = —82.68/ — 10/
the i-velocity of the pl;fme. The plar.1e will ‘W‘ — V(8268 + (=100
still fly at 80 km/h but in the opposite
direction. = 83.28 km/h
— o2 - ad

Q. 20. v, = —50cos 45% — 50 sin 45°

—35.355/ — 35.355]
- T

—
Viy

— —
Va Vaw

Vi, = 200cos ai + 200 sin aj

v, = (200 cos & — 35.355)i + (200 sin & — 35.355)]

But 200 cos @ — 35.355 = 0

_ 35.355
= Ccos o = 00 0.1768
=g = 79°49’

.V, = 0f + (200(0.9843) — 35.355)]
= 161.505;
— 161.5 km/h
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Q. 21. 0 . Returning is similar, giving the result
VC > >
v = (=10 cos & + 5)i + (10sin & — 6)]
o
195 10sina —6 =0
N > . 3
v5C=1Ocosa7+1Osinaj =sha=7%
QZS"_@' =>cosa=%
A S - )
s e e . vS:(—1o(%)+5)i
= (10 cos @ + 5)i + (10 sin @ — 6)]
j-component = 0 .
Time = i
10sine —6 =0 3
=sing = % =996
4 .. Total time = 15 + 65
= COS o = g =805
V= (10(ﬁ) i 5)7 n Oj' — 13} The difference between the outward and
5 return speeds must be 2 X 5 = 10 m/s
Time = % (Since outward speed gains 5 m/s from
the current, but return speed loses 5 m/s)
=15s 195
The outward speed = 43 =15 m/s, the
return speed will be 15 — 10 = 5 m/s.
The time will be 1% =39s
Q. 22.
—
Vo |4:25

—
Vew

v =8V2i — 82
V) = (—18 cosa + 8Y2)i + (18 sin @ — 8Y2)]

= —18cosai + 18 sin Olj-')

The i-component is zero => — 18 cos a + 8V2 = 0

= Ccosa = Bz = 22
18 9
=>sino:=Z
9
— 7 7 3 3
LV =00+ (18(5) = 8\5)/ = (14 — 8V2)]
: 4.25
Time = ————
14 — 8V2
o N 4.25
Similarily, returning time = ——=——
y 8 14 + 8v2
. 4.25 4.25
Total time =
14 —-8vV2 14 +8V2
_ 4.25(14 + 8V2) + 4.25(14 —8V2) _ 7 hours
(14 — 8V2)(14 + 8V2) 4

17
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Q. 23.

FUNDAMENTAL APPLIED MATHEMATICS

— K Q f
Vaw = X COSal — X sin gf

— Vv % Vv . Y
SV, =|—=+xcosali +|— — xsina
* "2 F+ 1z !
j-component = 0
Y
=§—x5|na=0
—sing = = x
V2
V2x2 — V2
= X
@ Y
7= 1+xv2x2—vzl?
A2 2x ¢ -
2x% — V2
2 _ .2
A 2x v7
V2 V2
> _v+\/2x2—v2_U
sl =—=5F—=u
Similarily U, = Y22 = V2 = v
Yy Y, N
2v
.'.U1—U2=ﬁ=\/§v QED
i) U. U :(V2x2—v2+v V2x2 —vZ — v
1 2 ﬁ \/?
_2x2 =2V
2
=x2—v? QED
Time = Distance _ d n d
Speed V22 —vVi+v (V22 =2 — )
V2 V2
_ V2d o V2d
2x2 —v2 +v 2x2 —v2 — vy

V2d (V2x2 =v2 —v) + V2d V2x2 = V2 + v
(V2x2 —=v2 + vlV2x2 —=v2 — v

2V 4x2 — 2v3d

2x2 — 22

V4x2 — 2v2 d

X2_V2
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. 24. Vo
Q VA
N V—)
VR M
(04
—_— ¥ . ¥
Vyr = —DcCosai + 5sin g
— ¥
Ve = 13i
—_

vy = (13 = 5COSQ’)? 4 55inaf

i (s J-component  5gjn ¢

i-component 13 — 5 cos &

d(tan 0) _ (13 — 5 cos a)(5 cos &) — 5 sin a (5 sin a) ~ 0
do (13 — 5 cos )2

= 65 cos @ — 25 cos’a — 25 sin> a = 0
= 65 cos @ — 25(cos? & + sina) = 0
=65cosa—25=0
= cosa = >
13
The shortest path is where 6 is a maximum and therefore where tan 6 is a maximum, since

tan @ is an increasing function in 6. That is to say that the shortest path is where cos o = 2

12 13
andhencesma—ﬁ
In this case v,, = (13 = 5(i )7 4 5(1—2)7

M 13 1

_ 144> 602

=13t T3

Crossing time = % =13s

13

Q. 25.

2
= (2 — cosa)i +singj

= tan O = _sina
2 — cos o
tan @ will have a maximum value when d%{(tan 0 =0
d (2 — cos a)(cos @) — (sin @)(sin &) . .
—(tan 8) = ... using the Quotient Rule
da( ) (2 — cos a)? 8 Q
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Q. 26.

FUNDAMENTAL APPLIED MATHEMATICS

2 cos @ — cos? @ — sin?

d a
= —(tan 6,
do ( )= (2 — cos @)?

2 _ 2 L Frayl )
i(tan 0) = g @ — (gos @ 4+ Sl @) ...cos?a +sin2a =1
da (2 — cos )2
d 2cosa — 1
—(tan ) = ———

d ( )= (2 — cos a)?
Putting d%{(tan 0) = 0 gives
2cosa—1 _
(2 — cos a)?
=2cosa—1=0
= COos o = i
2
= a = 60°
Shortest path will occur when & = 60°
—V, = (2 — cos 60°)i + sin 607
VB _ 3 VE
(2_5) T =t
Ti _ distance across
ime across = ————————>=
speed across
_36
V3
2
72
V3
=24V3s
(@ cosA=V1 —sin2A
(b) Vo =51 — 2 v
— i N —>
Ve =5cosai + 5singj Ve
vg = (5 + 5 cos a)? + (=2 + 5sin a)f 45°
This is in a N.E. direction
. =2+ 5sina _ 5 _ 7
: 5+5cosa_tan45 =1 ___B_C_,‘ _____ S

= —2+5sine=5+5cosa

= —2+5sina=5+5V1 —sina

= -7 +5sina=5/1—sin2a

=49 — 70 sin @ + 25sin? o = 25(1 — sinZ @)
=50sina — 70sina + 24 =0

= 25sin?a — 35sina+ 12 =0

= (5sina—3)(5sinag—4)=0

o3 _4
:>sma—5 OR sina =
= CoS o = i% OR cosa = i%
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Possibility 1: sin & = %, cosa = % =V, = 9 + 3;. Reject
Possibility 2: sin o = %/ cos o = —% = @ =i+ j Correct
Possibility 3: sin o = %, cosa = % =V, = 8i + 2]'. Reject

Possibility 4: sin o = %, cos o = _%

— > > > >
() Vo= —4i +3] OR —=3i +4jm/s
v,

i) v, =i +j] OR 2i +2j mfs

> >
=V, =2i +2j. Correct

Exercise 4E

Q. 1. () Casel:v, = 4i

— 4 3
Vyy =X +yj

—_—  — —

=V = Vi — Vi
¥ ¥
=Kx—4)it+yj
—
Vi from the north
=x—-4=0
=x=4
Case 2: Let v, = velocity of the woman
— B
Vi =)
— ¥ ¥
Vyy = Xi tyj
= = —
=V =Vy — V]
.

=x7+(y+1)/

V—WL) from the north-west

=x=—(+1) ...butx =4
=4 =—-y—1
:>y:—5

:m=4;—5/?m/s

(ii) Speed = |v,,| = V42 + (=52

= V41 m/s
-3
=tan 6 = 2
= 6 = 51.34°
51.34°S of E

Q.2.

(i) v, = 4

V=4 -5

— = =

Vv = Yw T Vv
= 4i — 9
=9

tanoz—4

= o = 66°

= 66°Sof E

Case 1: Walking South

—_ ¥

Vm = 7

— % ¥
Vg =X +yj

—_— = —>
Ym = VYw T Ym
¥ ¥
=xi +(y+ 1)

m from South-West
=x=y+1
=x—y=1
Case 2: Walking North
W=y
Vo =X Y
Vim = Vi~V =X+l = 3)
Vi from North-West
=x=—( — 3)
=X+y=3

But, x —y=1 ...add

=2x =4
=X =2
=y=1

> >
=V, =2 +jm/s

21
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Q. 3.

FUNDAMENTAL APPLIED MATHEMATICS

(i) Let the velocity of the woman be W,

and the velocity of the wind, Wv)

Case 1:7[ = —2;

— % X
Vyy = Xi +yj
— >
Ywe = Vw TV,

R

= x7 + (v + 2)f
V—W[ from North-West

=x=—(y+ 2)
=x+ty=-2

Case 2: v_[ = —147

> >
Vg =X +y)

o == 7
=xi +(y+14)
mtowards North-East

=x=y+ 14
=x—y=14
But, x +y= -2 ... add
=2x =12
=X=06
=y=-38

:m=67—8jm/s

(i) Speed = |v,,| = V62 + (—8)?

Q. 4. Casel:

Case 2:

=10 m/s
5
7=
> >
Vi =Xty
—_— _ —> —
Ywe = Yw — Ve
2 2
=xi +(y—=7)

—
Vi from North-West

=x=—(—7)
=X+y=7

= ?
vp = —i
— 2 2
vW=x1+y/
— — 2 ¥
vWP—vW—vP—(x+1)l+y/

—
Vyyp from South-West

=xt+1=y

=x—y=—1

But, x+y=7 ... add
=2Xx=6
=x=3
=y=4

Q.6.

Case 1:

Case 2:

Case 1:

Case 2:

:m=37+4;

|m| =V32 + 42
=5m/s
_4

tan 6 = 3

= 0 = 53.13°

=53.13° N of E

— 2
Vg =

—_ 3 3
VW:XI+y/

_ = —>
Ywe = Yw ~ VB

) )

=xi +(—1)

v—Wt;from South-West
=x=y—1

=x—y=—1

Vs =5

— ¥ ¥
Vg =Xty

> >
vWB=vW—Z;=xi+(y—5)j

—_— —>

—
Vi from North-West

=x=—(y —5)
=Xx+y=5
But, x —y= -1 ...add

=2x=4

=x=2

=y=3

:m=27+3jm/5
Ve =3i+2
Vo =X Y
— > -—
Ywe = VYw — Ve
2 2

=x—3)i +(y— 2)
m from North-West
=Xx—-3=——2)
=X+y=5
Ve =7i
Vo =X Y
o =T~ = b= 7
v—ngromNorth
=x—-—7=0 = x=7
= y=—2

> >
:m=7i—2jm/s
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-

Q7. () Casel:v) =3 Q8 () vy =2

m=x7+yj sz?JF}j

T =T 72 o =5 = T = <y 4 3
=xi + y — 3); Vi from North-West

VTVC’ from South-West =x=—(+2)
—Sx=y—3 Also, X2 +y2 = 10

=x—y=-3 =x>+y>=100 ...letx = —(y + 2)

Case2:@=9/? =(y +2)? +y> =100

WV)ZX’?"'Y/? =y24+ 4y +4+y> =100

V—vvc):m_v—g =2y2+ 4y —96 =0
=X7+(y—9); =y24+2y—48=0

Ve from North-West = +8)y—-6)=0

=x=—(—9 :>y:_8’M

=x+y=9 =x=6
But, x —y = -3 ...add :m=6i—8j m/s
=2x=6 Note: The y = 6 solution is excluded
=x=3 because this would mean the man is
—6 cycling into the wind while travelling
=Y . south. The wind could not therefore
=V, =3i + 6] m/s appear to be coming from the
= _ 3 North-West.
(i) ve=pj R
N 5 . — _ 2
Vi =30 + 6 W=
Voo = Ve — V2= 3 + 6 - p) Y = 61— & mis
m from West Vv = VZV - VAZ
=6—-—p=0 = p=6 =6/ =10
= She must cycle at 6 m/s North. tan 6 = % = %
=60 = 59°N of W
Q9. () Casel: v, =4i
— ¥ i
Vw =Xl t Y
Ywe T Vw T Vo
=KX - 4)7 * y;

V—WG> from the North-West
=x—4=-y = x=4-—-y
Case 2: @ = 6;

c 2

el 4
vW:x1+y]

Ywe =VYw ~ Vo
=x7+ (y — 6)7
Ve | = 10
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=x2+(y—6)2=10
=4 -y?+(—6?%=100
=16 -8y +y>+y>—12y + 36 — 100 = 0

.. butx=4 -y

=2y? - 20y —48=0
=y2—10y — 24 =0
=y —12)y +2)=0
=y=12,y=—
=x=—8x=6

Letx = —8andy = 12 let x=6andy = -2

=V, = —8i + 12 =V, =6 — 2
Ve = —12i +12] Voe = 2 — 2
Vi = —12i + 12] is not from the North-West. It is, in fact, towards the North-West.

We therefore exclude x = =8 andy = 12
m =2 - 27 is from the North-West as required.
= m =6 — 2/? is the actual velocity of the wind.
i) vo=—pi, p>0
Vo = 6 — 2
Ve = Vw
Vwe | =8
=6 +p2+(-22=38
=36+ 12p + p? + 4 = 64

—VG=(6+p)7—27

=p2+12p—24=0
—12 =(12)2 — 4(1)(—24)

=p= 5
=12 =£v240
- 2
p>0
:>P:_12+ V24O:1'75

= Girl should cycle at 1.75 m/s due west.

W=47 =2y2 -8y —384=0
Vo=xi+yi 2 — 4y — =
s = Y =y 4y —192=0

—_— - —

Vo =V — Vi = — 4 +y] = (y— 16)ly +12) = 0

V—S; towards south-east =y=16,y = —12

o

=X—4=-y = x=4-y
Also,|v_5)|=20
=1\x2+y?=20 ..butx=4-y
= (4 —y)? + y2 =400

=16 — 8y + y? + y* = 400

—5——112 5 =0ll6

Taking x = —12 and y = 16 gives

Vg = —16i + 16/ This is not towards
the south-east. It is, in fact, from the
south-east. These values are therefore
excluded.



FUNDAMENTAL APPLIED MATHEMATICS

Takingx = 16 and y = —12 gives
Vg = 12i — 12;. This is towards the
south-east.

=V, =16 — 12/ mps.
Q1. ()v, =17
Ve =xi +yf

— =
VkH = Yk

—ﬁ=(x—17)l?+y/?

%)north—east

=x—17=y = x=y+17

Also, |ﬁ|=25

=1\x>+y> =25 ..butx=y+17
=(y+17)? +y?> =625

=y2 + 34y + 289 + y? = 625
= 2y? 4+ 34y — 336 =0
=y2+ 17y — 168 =0
=y +24)(y—7)=0

=y==-24,y=7

=x=—7,x=24

Takingx = —7 and y = —24 gives
—_ 3 3 ..

Vg = —24i — 24). This is not
towards the north-east. It is, in fact,
from the north-east. These values
of x and y are therefore excluded.

Takingx = 24 and y = 7 gives
Vi, = 7i + 7j. This is towards the
north-east.

=V, = 24i + 7] km/h

= d = 41 sin 45°
= 29 km

(ili) Draw a circle of radius 30 km with
centre at H.
As long as the relative path, v, is

inside this circle, K and H will be
within 30 km of each other. This will
be for a relative distance of 2x.

x2+d?=30% ...butd=29
=x = V302 — 292 =59

= 2x = 2V59
relative distance

Time = -
relative speed
_ V59 _ qs5h
V72 + 72
= 93 mins.

Exercise 4F

Q. 1. Lett = the time taken to cross the river.

The boat will head upstream at 3 m/s, and
would travel a distance of 3t.

Meanwhile, the river carries the boat
downstream a distance 4t.

The boat lands 75 m downstream.

75
4 . 4t
c/ A
3t 100
d
8
)
_ 100 _ 4
tan A = e
= A =53.13°
d? = 752 + 1002
=d=125m
Using the Sine Rule:
3t 4t 4
GnA—snB butsin A = z

25
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5): 4t
:3t(4 sin B
15t _ 4t
=4 " sinB
p_ 16
:S|nB—15

Note: This question can be solved by
replacing 75 with 105.

(i) Lett = the time taken to cross the
river.

The boat will head upstream at 1 m/s,
and would travel a distance of t.

Meanwhile, the river carries the boat
downstream a distance 2t.

The boat lands 120 m downstream.

120
4 2t
© A
50
t d
1
c\ba
_ 50
tanA—uO
_ 5
12
= A =2262°
d? = 1202 + 502
=d=130m
Using the Sine Rule:
t 2t .5
A e o DA =T
13 _ 2
=5 " sinB
10
:smB—13
=B =50.28° OR B =129.72°

Case 1: B = 50.28°
C = 180° — 50.28° — 22.62°
= C =107.1°

= 72.9° to the downstream
direction

Case 2: B = 129.72°
C=180° — 129.72° — 22.62°
= C = 27.66°
= 27.66° to the upstream

direction.

Using the Sine rule:

t _ d
sinA  sin C
13t _ 130
5 sin107.1°
_ 50 _
t=Sn071° 028
13t 130
==
5 sin 27.66°
_ 50 _
=t=Gn27.66° 085
W — 2
(i) Vg = qi
G = p]? ... tries to go straight across.

—>_—>+—>
e = e ™ \1R

=qi tp
Ti _distance across
ime across = ————————
speed across
— 60
p
:>E;)—0=100 = p=06

distance downstream =
speed downstream X time = g X 100

= 100q
=100g =45 = q =045
(ii) Lett = the time taken to cross the river.

The girl will head upstream at 0.6 m/s,
and would travel a distance 0.6t

Meanwhile the river carries her
downstream a distance 0.45t.

She lands 45 m upstream.

_ 045t <—45—>
A E\D

0.6t 60
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d? =452+ 602=d=75m

_60_4
tanD—45 =3
=D = 53.13°
= F = 126.87°

Using the Sine Rule:

0.6t _ 0.45t
sin 126.87° sin B

0.45 sin 126.87°
0.6

=sin B =
= 0.6
=B =36.87° OR B = 143.13°
Case 1: B = 36.87°
A= 180° — 36.87° — 126.87°
= A = 16.26°

Using the Sine Rule:

75 _ 0.6t
sin 16.26  sin 126.87°
=t =357s

Case 2: B = 143.13
A =180°— 143.13° — 126.87°

=A = —90° ... not possible

206 5t

sin 95°  sin A
. 20sin A = 5sin 95°
L A=1442° OR 165578—_
.. B=180°-95°-14.42° = 70.58°
.. Speedboat must travel
(45 + 14.42) = 59.42° North of West

5000 _ 20t
sin 70.58°  sin 95°

_ 250sin 95°
sin 70.58°

= 264 s

Q.5.

(i) Lett = the time taken to cross the river.

The boat will head upstream at 3.2 m/s,
and would travel a distance 3.2t.

Meanwhile the river carries the boat
downstream a distance 3.6t.

The boat lands 25 m downstream.

3.6t

<—25——>

_As _ Y
tan A = G
= A = 60.945°

d? = 252 + 452

=d=51.478m

Using the Sine Rule:

3.2t _ 3.6t
sin 60.945 sin B

~1[3.6 sin 60.945°
3.2

=B =79.553° OR B = 100.447°

= B = sin

(i) Case 1: B = 79.553°

C = 180° — 79.553° — 60.945°
= C = 39.502°

Case 2: B = 100.447°
C =180° — 100.447° — 60.945°
= C = 18.608°

Using the Sine rule:

3.2t _ 51478
sin 60.945°  sin 39.502°
~51.478 sin 60.945°
=t = -
3.2 sin 39.502°
=t=225s
3.2t __51.478
sin 60.945°  sin 18.608°

_51.478 sin 60.945°
=i = :
3.2 sin 18.608°

=t=44s
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